ABSTRACT. Let M be a von Neumann algebra of operators on a separable Hubert space H, and G a compact, strong-operator continuous group of 1. Crossed products. Let G be a locally compact group (with left Haar measure dg) acting as a strong-operator continuous automorphism group on M. That is, there is a homomorphism g -*■ g( •) of G into the group of ♦-automorphisms of M such that for each A EM, the map g -*■ g(A) of G into M is continuous with respect to the strong-operator topology on Af. We recall the construction of the crossed product of M by G as set forth by M. Takesaki in [8] .
1. Crossed products. Let G be a locally compact group (with left Haar measure dg) acting as a strong-operator continuous automorphism group on M. That is, there is a homomorphism g -*■ g( •) of G into the group of ♦-automorphisms of M such that for each A EM, the map g -*■ g(A) of G into M is continuous with respect to the strong-operator topology on Af. We recall the construction of the crossed product of M by G as set forth by M. Takesaki in [8] . Let L2(G, H) denote the set of functions $: G-+H satisfying (i) for each % E H, the complex-valued function g -> ($(g), £) on G is measurable; and (ii) /Gll$(g)ll2 dg < °°. L2(G, H) is then a Hubert space with inner product ($, *) = fG($(g), ^(g))dg. For each A EM, define a bounded operator A on L2(G, H) by (2$Xg) = ¿?_10<X$te)); for each g EG, let Lg be the unitary operator on L2(G, H) defined by Lg$(h) = $fe_1Ä). We let M x G, the crossed product of M by G, denote the von Neumann algebra of operators on L2(G, H) generated by the operators A (A E M) and Lg (g E G). In general, of course, MO H may be a proper subspace of L2(G, H). For a simple example, let M be the algebra of complex 2x2 matrices acting on 2-dimensional Hubert space H, G the group of unitary 2x2 matrices with determinant 1, and let G act as inner automorphisms on M in the obvious way (i.e. V{A) = VA V* for A E M, VEG). Easy calculations show that for each % E H, the map $ G L2(G, H) defined by $(V) = V*% (V E G) is orthogonal to M OH. (where x • A denotes the right action of A E N on x G X). A right AAmodule equipped with an AAvalued inner product will be called an inner product module over N. Notice that if X is an inner product module over Af, -the set {<x, y): x,y EX} spans a two-sided ideal of N; we let {X, X)denote the ultraweak closure of this ideal. It is shown in [3] that X is normed by ||x||x = ||<x, x>||% (x G X). We write X* for the set of AZ-module maps from X to N which are bounded with respect to || • \\x. We make X1 into a right N-module by defining scalar multiplication and right action of N on X1 by (Xr)(x) = Xr(x) and (r • A){x) = A*t(x)(\E C,tEX',xEX,AEN).
We shall regard X as a submodule of X1 by identifyingx EX with the map <•, x>: X-*N. We call Xself-dual if X = X1: The module X1 may be thought of as the "completion" of A" in the sense that the inner product on X can be extended to an A/-valued inner product on AT* in such a way as to make X1 self- Suppose now that Y is a self-dual inner product module over N. Each Now let X be an inner product module, not necessarily self-dual, over Af with (X, X) = N. In the sequel, we will need to know that the set {x® y:x,y EX} spans an ultraweakly dense *-subalgebra of A(X*). (Here, as elsewhere, we are regarding A!" as a submodule of X1, so x ® v(t) = x : <t, y) = x • r(y)* for t G X1.) It is clear that the span of this set is a *-subalgebra of A(Xh); unfortunately, the fact that it is ultraweakly dense seems not to follow directly from 2.2, but rather depends on certain details of the construction of the extended inner product in [3] . We will require the following lemma.
Lemma 23. For each tEX1, there is a net {xa} in X such that <r -xa, t -xa) -► 0 ultraweakly in N.
Proof. Let s = {/,, f2,. .. , /"} be a finite set of normal positive linear functionals on N, and set / = /, -1-f2 + • • • + fn. If we let Zf = {x G X: f((x, x>) =0}, one checks that Zf is a subspace of X and that XIZf is a pre-Hilbert space with inner product (x + Zp y + Zf) = f({x, y)). Since t(x)*t(x) < ||r||2<x, x > Vx G X by 2.8 of [3] , the map x + Zf -► fiiix)) is a well-defined bounded linear functional on X¡Zp so there is a vector Tf in the Hubert space completion of X\Zf such that {x+Zf,rf)=fÍTÍx)) VxGX Let xs G X be such that (xs + Zf-rf,xs + Zf-rf) < 1/n. We have /(<t, t>) = (Tp Tf) by^e construction of the extended inner product on X1 in 3.2 of Proposition 25. Let X be an inner product module over N such that {X, X) = N. Then {x® y.x.y EX}spans an ultraweakly dense *-subalgebra ofA(X). We conclude this section with a discussion of the relationship between N and A(Y), where y is a self-dual inner product module over N, which may be thought of as giving a characterization of Morita equivalence in terms of tensor products with type I factors.
Let / be an index set, and let N¡ be a copy of AT (regarded as a self-dual inner product module over AO for each / G /. Form X = UDS{Nj: j E J} as in §3 of [3] , so X is a self-dual inner product module over N. Proposition 2.6. A(X) and N ® B(l2(J)) are isomorphic.
Proof. This follows routinely from 1.22.14 of [6] , where for each/ EJ we let Vj he the partial isometry in A(X) which takes a /-tuple {Bk}keJ G JT to the /-tuple with B¡ in the ;'0-slot and O's elsewhere (j0 E J fixed). Proof. By 3.12 of [3] , there is an index set / and a collection {P¡: j EJ} of (not necessarily distinct) nonzero projections in N such that Y and UDS {P¡N: j EJ} are isomorphic as inner product modules over N. Hence, we may regard y as a submodule of the inner product module X defined above. Define a projection Ein A(X) by E{Bj}¡<EJ = {PjBf}j<EJ for {Bj}j& EX;Eis the projection of X onto Y. It is clear that A(Y) and EA(X)E axe isomorphic. If Q is a central projection in A(X) majorizing E, then Qy = y Vy G Y and hence for yx, y2EYandxEX,we have Qx ■ <yx, y2) = Qjx ® y2) iyx) = (x ® y2)(Qyx) = (x ® y2Yy{) = x • (yx, y2). Since {Y, Y) = N, this implies that Qx = x Vx G X, showing that the central cover of E in A(X) is the identity map. To conclude the proof, take Hx = l2(J) and apply 2.6. Proposition 43. Each MK is self-dual.
Proof. Let r: Mx -► N be a bounded AT-module map and for simplicity assume that ||t|| < 1. We must produce an operator BEMX such that t(A) = B*A VA E Mx. By 2.8 of [3] we have t(A)*t(A) < A*A VA E Mx, and it follows from 6.1 of [3] that for Ax, A2,. . . ,An EMX, the matrices [t(A¡)*t(Aj)] and [Apij] in N,n), the W* -algebra of« x« matrices with entries in N, satisfy Form the self-dual inner product module UDS{MX: X G G} over N as in §3 of [3] . Proof. The equivalence of (ii) and (iii) follows from 3.5; we show that (i) and (ii) are equivalent. Suppose first that (i) holds, and take X G G. If 77 G
[MXH]x, define $ G L2(G, H) by Q(g) = X(g)r) (g E G). For A E M, £ E H, we have (A O £, *) = /GGf'(¿të, \(g}n)dg = fG(\(g)g(A% n)dg = (TX(A% 77) = 0, so 77 = 0 by (i). Now suppose (ii) holds, and take $ G (M O Hf. Given $ G H, define 0 G ¿2(G) by 0&) -($>&), £). We claim that 0(X) = 0 VX G G, which will show that $ = 0. Indeed, for X G G and e > 0, (i) gives Ax, A2,... An EMX and %x, £2,.. . , %n E H such that ||£ -2"=XA¿¡\\ < e. Hence 1^)1= |/c*fe)(*fe).0#| < I J0^*fe),¿¿AW| +e||*l|. Takesaki's duality theorem for crossed products (4.5 of [8] ) can be used in connection with 4.7 above in determining what sorts of von Neumann algebras can appear as fixed-point algebras for actions of compact abelian groups on M. As a sample application, we will prove the following proposition after establishing a preliminary lemma. M x T, being Morita equivalent to the type I factor N, must be a type I factor by 2.7, and hence isomorphic with B(K) for some Hubert space K, which must be separable because M x Tacts on a separable Hubert space. By the duality result of Takesaki alluded to above, there is an action of Z as automorphisms of B(K) such that B(K) x Z is isomorphic with M ® B(L2(T)). By the lemma, then, this tensor product must be of type I and hence M is of type I. We remark that it is not clear whether this line of argument can be made to yield an analogous result for arbitrary compact abelian groups acting faithfully on M. The problem lies in generalizing Lemma 4.9, where one encounters the difficulty that an arbitrary abelian group of automorphisms of B(K) need not be implemented by a group of unitary operators (although each individual automorphism will of course be inner).
5. A class of examples. In this section we construct a class of examples in which several of the features of the analysis developed above stand out in high relief. As a by-product, we obtain what appears to be a new method for constructing outer automorphisms (and indeed compact abelian groups of outer automorphisms) on many IIX-factors.
Let D be a countable discrete group with identity e, and let H be the Hubert space l2(D); elements of if will be written as complex-valued functions on D. LetM= VN(D), the von Neumann algebra generated by the left regular representation of D on H. Notice that for %, rj E I2(D), the convolution formula (S **?)(*)= Lïit)ri{t-1s){sED) te.D defines a complex-valued function % * 77 on D (which may or may not belong to l2(D)). We shall call a function x G l2(D) a left convolver if x ■* % E l2(D) V£ G l2(D) and the operator % ->x * £ is bounded on /2(Z>). In II.5 of [7] it is shown that every operator in Af has the form % -► x * % for some left convolver x; it is straightforward to verify that convolution on the left by any left convolver gives an operator in Af. We shall henceforth identify Af with the algebra of left convolvers in l2(D) (with convolution for multiplication and involution defined by x* (s) = x(s~x) (s E D)). License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Now « is a unit vector in l2(D) (because u * u* = 5e) and hence so is %s. Since \(u, £s)| = 1, we conclude that ^ must be a scalar multiple ofu, so |w(r)l = \u(s~xts)\ Vs, t ED. By assumption, ax is not the identity automorphism of A so there is a f0 G D\{e} such that u(tQ) i= 0. Since the set {s~xt0s: s ED} is infinite, we have a contradiction.
Remark 5.2. If « is as in the proof above, we have ax(u) = u and hence supp(«) C ker(X). We can therefore replace the assumption in 5.1 that D be an infinite-conjugacy-class group with the weaker condition that the conjugacy class in D of every t E ker(X)\{e} be infinite.
In [2] , R. Kallman shows that every outer automorphism of an infinite conjugacy class group induces an outer automorphism of the corresponding II xfactor, and points out that there exist infinite-conjugacy-class groups all of whose automorphisms are inner. The example he mentions is the semidirect product D -(2* x Q (where Q is the additive group of rationals, ß* is the multiplicative group of nonzero rationals, and multiplication in D is defined by (ax, bx) (a2, b2) = (axa2, axb2 + bx) for ax, a2 E Q*, bx, b2 E Q). Although it has no outer automorphisms, D has an abundance of nontrivial characters, since the abelian group Q* is a homomorphic image of D; hence VN(D) has many outer automorphisms. It would be interesting to know whether every infinite-conjugacy-class group with no outer automorphisms must necessarily possess a nontrivial character.
Returning to the general situation, let G be a compact abelian group and suppose that there exists a homomorphism s -* Xs of D onto G. We proceed to construct a faithful, strong-operator continuous action of G on M = VN(D). For g EG, x G M, define g(x) EM by g(x)(s) = \s(g)x(s) (s E D); it is apparent that g(-) = ax, where X is the character of D defined by X(s) = X^.so g(-) is a '-automorphism of M. It is equally clear that g -> g(-) is an isomorphism (injective because s -> \ is onto) of G into the group of ""-automorphisms of M. To show that the action of G on M is strong-operator continuous, take s ED and let {gn} be a sequence in G with limit g EG. (Note that G must be countable, so the topology on G is metrizable.) For x EM, we have UnOO * *s -«<*) * 5/ -£ IftafrX»"1) -¿WC»-1)! rS£» = T.\\-1(gn)-\.1(g)\Mts-1)\2.
tea " "
This sum goes to 0 as n -*■ °° because X _x(g") -*-\ _x(g) Vt E D. Since {5S: s G D} spans a dense subset of l2(D), strong-operator continuity follows. The spectral subspaces Mx for this action of G on M are immediately identifiable; for each X G G, we have Mx = {xE M: supp(x) C{sED:\ = X}}. In particular,
